Chapter X

Waves and Metallic Boundary Conditions

A new technology has arisen in the last few decades that is based on the
use of electromagnetic waves in the neighborhood of 10 cm wavelength.
Many of the practical devices in use depend on the behavior of these waves
when bounded by conducting surfaces. For example, the waves are
generated in resonant cavities and directed to and from antennas in
waveguides.

In this chapter we will discuss the basic principles of these devices
and some of the easiest examples, but we will not develop the practical
applications. The subjects emphasized are the boundary conditions
imposed by good conductors; modes of radiation propagating between
mirrors, propagating inside a waveguide of constant cross section,
and standing in a resonant cavity; and the calculation of energy loss.

33. WAVEGUIDES AND RESONANT CAVITIES

Wave Propagation in Good Conductors

Preliminary to the discussion of metallic boundary conditions will be
the consideration of how waves propagate inside conductors. The
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33. WAVEGUIDES AND RESONANT CAVITIES

answer is ‘“‘poorly,” of course, but one needs to know the answer
quantitatively in order to describe the reflection and loss that occur
at the surface of a metal. Maxwell’s equations, as they apply in the
interior of a conductor with J] = oE, B = uH, and D = ¢E, are

1B
VXE=—C%
1 4 ¢ E
Vv-B=0,
V:-D=0.

Traveling wave solutions, at a real frequency w, can be found in the form

E = E¢itkx-ot),

B = Beitk-x—ot), (33.2)

where & is in general complex, but k is a real unit vector. All but the
second of Maxwell’s equations are satisfied if

k-E,=0,
(33.3)

BO:%kxEO.

Then the dispersion results from using these fields in the second
Maxwell equation:

ic . 4
;;kx(kxEo)—{—szEo:—:—an,

IS TR . .

zwyk +zwc~ P (33.4)

w? . Wi
k= 6}1.';2- +l4770'-;:2—.

For a good conductor, by definition, 4ng/we is large compared to unity
and

k = idno %‘- . (33.5)
Neglecting euw?/c? in Eq. (33.4) is the same as neglecting the displacement
current ¢! dD/ot.in Maxwell’s equations. A good conductor is therefore
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X. WAVES AND METALLIC BOUNDARY CONDITIONS

one in which the conduction current is larger than the displacement
current; of course this depends on the frequency of the wave. Thus for
a good conductor & is complex and given by

1+ drrowp

k= . (33.6)

The wave is attenuated with distance according to the factor

eikﬁ-x — ei\/2mnuu/c2 kex e—\/2m7wu/02 kex . (337)

This means that the transmitted part of a wave impinging on the surface
of a good conductor is damped exponentially as it propagates into the
metal. The distance characteristic of the attenuation is

[4

b= 33.8

which is known as the skin depth. The skin depth of a good conductor is
small compared to a wavelength of the free radiation since

8 _ & o
)\ \/ZT;ZU; 27r(.‘

1 [ we [ 1

The wave dies off to zero on a scale short compared to its wavelength
outside the metal but on the same scale as its wavelength inside.

Zero-Order Surface Effects

In most problems it is both difficult and unnecessary to treat the
phenomena that occur in the surface exactly. Instead, there is a general
analysis of surface effects that can be made, for a good conductor, which
leads to boundary conditions that determine the fields outside and
leads to a recipe for calculating the losses due to penetration of the
fields into the conductor. The surface effects will be studied in two
stages of approximation.

The zero-order approximation is to suppose that there is an effective
surface charge density ¢ and a surface current K (charge per second,
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33. WAVEGUIDES AND RESONANT CAVITIES

per unit length transverse to the flow) on the metal. The boundary
conditions are then obtained by integrating Maxwell’s equations over
small pill boxes or closed circuits straddling the boundary as shown in
Fig. 33.1. For the normal component of D, one integrates over the
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FIG. 33.1. Geometry for obtaining boundary conditions from Maxwell’s equations.
Here fi is the unit normal out of the metal and t is a unit tangential vector.

pillbox using Gauss’s theorem:

V +D = 4mp,
(Dout - Din) ‘A= 477'0, (33.10)
D f = 4no

in the limit as the dimensions of the pillbox shrink to zero. In the last
line, D is the field just outside; the fields inside the conductor are being
ignored in this approximation. Also, the pillbox thickness is supposed
to be large compared to 8, and the effect of the fields inside is supposed
to be summarized by o and K. The same reasoning applied to the
equation V + B = 0 shows that

j=2]
Il

(Bout — Bin) *
B -

(33.11)

j=2]
f
o O
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X. WAVES AND METALLIC BOUNDARY CONDITIONS

where B is the field just outside the conductor. For the tangential
component of H one considers the equation

1 oD

VxHh—I%_c ot

(33.12)

integrated over the area of a closed path that straddles the boundary
as shown in Fig. 33.1. The size of the path parallel to the surface is /,
and the size normal to the surface is negligible. If t is the normal to
the circuit in the right-hand sense, then application of Stokes’s theorem
shows that

4
ot vxH=""[5da-)
ﬁH-ﬂ ﬁthl
(33.13)
u . 4
(Hout —Hin) " (t X i) = —K -

. s 4 .
[n)( (Hout—Hm)] ‘t:TK‘t

applies in the limit of small /. The integral of ¢! dD/0¢ over the area of
the circuit is proportional to the area of the circuit instead of to its
length and does not contribute in this limit. Thus once again the
displacement current is negligible in the effects due to a good conductor.
Both of the vectors contracted with t in Eqs. (33.13) lie in the surface,
and since t can be in any direction in the plane of the boundary, one
must conclude that

,. 4
@t X (Hout — Hin) = _TrK

(33.14)

where in the last equation H is the field just outside the metal. Thus
the tangential component of H gives the surface current per unit length.
The last condition in the zero-order approximation comes from the
equation

VXE - —- (33.15)
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33. WAVEGUIDES AND RESONANT CAVITIES

and leads, by the same sort of argument, to
i X E =0, (33.16)

where E is the field just outside. In summary, the boundary conditions
that one should use are that E is normal to the surface and B is tangential.
These boundary conditions are sufficient to solve many waveguide
problems. Once a problem is solved, the normal component of D and
the tangential component of H determine the surface charge and current.

First-Order Surface Effects

The next approximation deals with the way that the fields make
the change from their values outside to zero inside the conductor.
This leads to an understanding of losses in waveguides and cavities;
it turns out that the loss per unit area can be expressed in terms of H, ,
the field just outside. Let E (x, t) and H(x, ) be the fields in the interior
of the conductor. The time dependence of these fields is contained in the
factor e~i!. For a good conductor, the displacement current in Maxwell’s
equations may be neglected and so

VxEyd%gHw:Q

(33.17)

Vch:4T7TO'Ec.

The key to understanding the surface effects is to know that the fields
inside the conductor vary more rapidly in the direction normal to the
surface than in the directions parallel to the surface. The variation
normal is on the scale of the skin depth whereas the variation parallel
is on the scale of the wavelength outside the metal, since the boundary
conditions have to be satisfied over the entire surface. The ratio is small
for a good conductor, as shown by Eq. (33.9). Therefore, it makes sense
to let

. 0
V= i, (33.18)

when acting on the internal fields, where ¢ is the coordinate along the
normal into the metal. This holds in some degree of approximation

543



X. WAVES AND METALLIC BOUNDARY CONDITIONS

measured by 8/A and depending on details of the conductor geometry.
In this case Egs. (33.17) become

i g e
Hcﬁluwnx 5z
(33.19)
E. — _ c . % 17) 3
¢ dmg o¢

According to the first equation H, i = 0, so that H, is parallel to
the boundary surface in this approximation. Eliminating E_ results in

i, c N ?H,
He = oa x (=5 )(a x 5°)
e 0?H,
drpuwo  OE2
. 8% o%H,

_ 7

2 e

(33.20)

The solution of this equation that decreases into the material is given by
He = H, 0978 (33.21)

since (—1 —-7)% is just —72. We have taken the initial value of the
solution to be H, because the internal fields are treated explicitly.
Then there is no surface current so we have

n X (Howt — Hin) = 0, (33.22)

and the value H, at £ =0 becomes H,, the tangential field just
outside the conductor. The result is that, in this approximation, the
fields in the metal are given by

H, — H, e 0-9¢/0,

2 —1 47 —(1-0)§/5
Ee — — g 0% (—5—)H.e
_ \/é}:; (1 —i)a x H, e-0-0¢/, (33.23)

It should be noted that the electric field inside the conductor is much
smaller in magnitude than the magnetic field because w/o is small
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33. WAVEGUIDES AND RESONANT CAVITIES

for a good conductor. This gives the details of the surface current since
J = oE,. The losses in the walls of the conductor may be calculated
by evaluating the Poynting vector just outside the metal. The power
loss per unit area (the flux of free energy) is the time average of the
component of the Poynting vector directed into the metal and is given by

dP ¢ .
F7 Re(Eout X H())kut) * 1L (33.24)

Only the tangential components of the fields contribute in this expression.
The tangential component of E is continuous so, in the present approxi-
mation,

Etan out = Etan in

— \/—(1 —Dax H, . (33.25)

The tangential component of H just outside the surface is H, so the
loss per unit area is

%__—_ 871- \/—&&Re{(l -—l)[(an")xH }
:8‘_# é‘:’ Re{(1 —)[a(H, - H) - a]}
T Te
= e Hi " HY. (33.26)

To solve a practical waveguide problem, one uses the boundary condi-
tions B,o:m = Etan = 0 to find the fields between the conducting
surfaces. Then the losses can be calculated from Eq. (33.26) from
the value of H, . The energy that is lost goes into /2R heating in the walls.

Propagation between Two Mirrors

Some of the physical properties of waveguides appear already in
the simpler problem of propagation of light between two mirrors.
Consider two plane mirrors located at ¥ = 0 and x = L with propagation
in the XY-plane as shown in Fig. 33.2. The propagation takes place
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X. WAVES AND METALLIC BOUNDARY CONDITIONS

R4
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2

FIG. 33.2. Propagation between two mirrors.

mainly in the Y-direction and the light merely reflects back and forth
in the X-direction. For light of wavelength A = 2=/k the figure shows
that there are two wave vectors having components (4% cos «, & sin «, 0)
that should be considered. Here « is the angle of incidence or reflection
at the mirrors. The space—time dependence of the fields associated with
these waves are of the form eflkecosatkysina—wl) where w is just ck.
The two waves must superimpose in such a way that the boundary
conditions

E,0,t) = 0,
E,0,) = 0, (33.27)
B,(0,1) = 0

are satisfied. Like boundary conditions apply at x = L. Waves that
satisfy Eqgs. (33.27) will be expressible as vector amplitudes times the
space and time dependence

eilkecosatkysina—wt) __ pi(—keCoSa+kysina—wt) — ;2 sin(kx cos 0‘) et (kysina—wt)

(33.28)

The x-dependence here is that of a standing wave, and the solutions
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33. WAVEGUIDES AND RESONANT CAVITIES

propagate (possibly with attenuation) in the Y-direction. The wave
must also vanish at x = L for any value of y so

kL cos a = nm, (33.29)

where 7 is any positive integer. The different types of fields that result

for different values of n are called different modes of the system. The
angle of incidence and reflection « is determined by
c?(k cos a)? 4 cA(k sin o))? = k2,

(33.30)

( e )2 + (w sin a)®> = w?.
L
This equation permits « to be either real or purely imaginary. When «
is real, sin « is also real, and the wave propagates in the Y-direction.
On the other hand if « is purely imaginary, so is sin «, and the wave is
attenuated in the Y-direction. It is seen that « is real (or purely imaginary)
when w is greater (or less) than nwc/L. Thus the various modes have
different cutoff frequencies as shown in Fig. 33.3.

The outstanding feature of propagation between mirrors is that there
are modes, associated with the positive integers, and that each mode has
a cutoff frequency below which energy cannot be transmitted. The

L L 1

e/l 2me/L 3mrec/L

w

FIG. 33.3. Modes of propagation between two mirrors.
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X. WAVES AND METALLIC BOUNDARY CONDITIONS

standing waves in the X-direction are observable, even at light frequen-
cies. The observation can be made by inserting a photographic plate
at a small angle to the mirrors. The maxima and minima of the fields
along the perpendicular to the mirrors are then observably separated
as fringes on the developed plate. These are known as Lippmann fringes.
The dependence on y and ¢ of the wave is contained in the exponential
factor e!*'v=«d where k' is ksin a. This can be thought of as a wave
solution of a one-dimensional equation. The phase velocity is then

oy — L — @
PR T ksina (3331
31)
_ (4
—Sincx'

Thus the phase velocity at propagating frequencies is always greater
than the speed of light and at cutoff it even becomes infinite. The
dispersion equation in this equivalent one-dimensional problem is

nme )2

w? — czk'2+( 7

(33.32)

The group velocity is obtained as usual by differentiating the dispersion
equation

wdw = 2k’ dk',
%% = ¢?, (33.33)
v,v, = 2

Thus the group velocity at propagating frequencies is always less than c,
and at cutoff it vanishes. Energy ceases to be propagated in a mode at
its cutoff frequency.

General Theory for Propagation in a Guide
of Uniform Cross Section

A very convenient formulation can be developed for the general
waveguide problem: Find solutions of Maxwell’s equations in case
the conductor containing the fields has translational symmetry along an
axis. An example is sketched in Fig. 33.4.
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33. WAVEGUIDES AND RESONANT CAVITIES

FIG. 33.4. Waveguide with uniform cross section.

Let the Z-axis be this symmetry axis so that the interior of the guide
has the same cross section in any plane parallel to the XY-plane. Suppose
that the interior of the guide is filled with a material which has uniform
dielectric constant e and permeability u, although in most practical
cases these are just unity. There are no charges or currents inside the
waveguide so Maxwell’s equations become

vxE—i-“c’—B:O,

va+i%‘iE=O, (33.34)
VB =0,
V-E =0,

for time dependence e~ Solutions are sought such that the tangential
component of E and the normal component of B vanish at the walls of
the guide.

Because of the translational symmetry of the problem, it is useful
to set up a decomposition into components along and perpendicular
to the Z-axis called the transverse and longitudinal parts, say

E= El +Et1‘,
B = B, + By, (32.35)
V = Vi 4 V.
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X. WAVES AND METALLIC BOUNDARY CONDITIONS

Here, the longitudinal part of the electric field, for example, is defined by
E; = (i, " E)i,, (33.36)

and its transverse part can be expressed as

Ex =E — E;
=E —iy(i; - E)
= —i3 X (i3 X E). (33.37)

Similar formulas apply for B and V. For any two vectors or operators
v and w decomposed this way one has

vy * wir = 0,
(33.38)
vi X wp = 0.

Furthermore v, X w,, is longitudinal and v,, X w, is transverse. The
cross product v X w can be decomposed as

vXw=(vi+ vir) X (W1 + W)

= v1 X Wir + vir X W1+ vir X Wir,
so that
(v X Whtr = vi X Wir + vir X Wi,

(33.39)
(Vv X wh = Vir X Wir.

Decomposing Maxwell’s equations into transverse and longitudinal
parts, one finds

Vtertr‘—i%Blzoy

(33.40)
VtrXBtr+iwg€E1:0
for the longitudinal parts of the curl equations and
Vir X E1 + Vi X Egr —i%Btr =0,
(33.41)
Ve X Bi+ Vi X By 4 i S E; =0

c

550



33. WAVEGUIDES AND RESONANT CAVITIES

for their transverse parts. The divergence equations relate scalars and are
simply
Vi * By + Vi- B =0,
(33.42)
Vi *Egr + Vi *E; = 0.

The problem is to solve these six equations.
The second of Egs. (33.41) will be used to eliminate E,, in the other
equations. If the other field quantites are known it may be found from

Ey — —— (Vir X By + V) X Byy). (33.43)
wl.l-f

When this is substituted into the first of Egs. (33.40), and Vv, - B,, =
—V, - B, is used, an equation in B, alone results,

. c
B, = —t— Vi X Eir
w

2
= g [Vie X (Vir X Bi) + Vir X (Vi X Bir)]

wpe

2
- ; [—V&Bi + Vi(Vir - Byy)]

w3

2
= — — _[V&B, + YV, - By)]. (33.44)

w?ne

When E, is eliminated from the transverse part of the first curl equation,
the result is

B = —i— (Vir X B + Vi X Exr)

2

= —it Vir X E; + z [Vi X (Vir X By) + Vi X (V1 X Byr)]
w wiie
2
— —z% Vi X Ei + wgﬂe [Ve(Vy - By) — ViBy]. (33.45)

Thus far, the system of equations that must be solved has been reduced
to
c

2
e [ViB1 + Vi(V, * By,

B = —

w?
wpie
c

Vi X By + 1 E =0,

(33.46)
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X. WAVES AND METALLIC BOUNDARY CONDITIONS

By = —ii— Vi X E; + [Vie(V1 - B) — ViBul,

wue
Vi*Bi 4 Vir * Bir =0,
Vi E+ Vi Ey =0,

where it is understood that E, i1s given by Eq. (33.43).

The type of solution needed is one in which the fields have their
z-dependence contained in the exponential factor e+, corresponding to
propagation along the axis of the waveguide. Therefore, assuming the
fields are of the form

E(x, t) = E(x, y) gixke—ot),

. (33.47)
B(X, l) — Bo(x’ y) ez(ilcz—wt)’
it follows that, for the longitudinal part of the gradient operator,
Vi =11, * V)
= iy
o= (33.48)
— ik,
Vi = —k%
This brings the system of equations to be solved into the form
2
(V%r — Ry ‘;‘) B, =0,
[
Vi X By i 2By = 0, (33.49)
1 oB, . pew .
Btr — (‘LLGUJZ \ (Vtr az — 1 ¢ Vtr X 13Ez)y
2 k )
c

with E;, still given by Eq. (33.43). The divergencelessness of B is
guaranteed by this set of equations since the first and third of them
lead to

1 oB
Vi B +Vi-B) = 3 V%r 8Z+V1°Bl
pew B2 P
c?
oB
=7 L4+ V1B
2
~0. (33.50)
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33. WAVEGUIDES AND RESONANT CAVITIES

The divergence of E is also guaranteed to be zero as will be shown
presently.
The transverse component of E can be rewritten, using the expression

for By, of Eqs. (33.49) in Eq. (33.43), as

ic

Etr ———Vtrx Bl+w—,ue_
Wit (,uew - k2)
C2
oB
X VX Vi — i R0 X (Ve X By (33.51)
0z
Now since V, 0B,/0z = V|(V, * B|) = —k%B,, this becomes
ic B2 |
WiLEe
Eyw = — Vtr X B) + -——'u— Vir X Bl - ——5—— Vu(V1 - E))
(U €(U k2 'lLG(U k2
5 #) (& -
1 ok, . w R
i @)
C2

On the other hand, the second and third of Eqgs. (33.49) lead to an
equation in E, alone:

. C
E =1
wWwe

=1 [—1. ,uzw Vir X (Vir X El)])

('uzw — k2) E, = —V}E,,
(33.53)

(V%r—kti—w'M)ElAO

This, together with Eq. (33.52), implies that the divergence of E vanishes;
the proof is the same as that for the divergence of B. Thus the full
content of Maxwell’s equations, provided that the z-dependence of the
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X. WAVES AND METALLIC BOUNDARY CONDITIONS

solutions is contained in the factor e¥*?, is contained in the following
system of equations:

1 OF ]
Eir = ) (Vtr P E i — Vg X lng),
pel — B2 o
L-Z
1 oB
Bu — — (Vir 5 — e U X 4E,),
ue by £ o
L-Z

(33.54)

(V%r — R+ p.e(:—:) B, =0.

The boundary conditions that must be imposed on solutions of this
system are that the tangential component of E and the normal component
of B must vanish on the walls of the guide. The axis of the waveguide is
the Z-direction so one of the components of E,, is just E, . Hence

E.=0 on the boundary, (33.55)

partly specifies the problem. It will be shown later that this is all that
is needed for the electric field because E,,,, = i3F, holds on the surface
as long as the boundary condition on B is satisfied. The normal compo-
nent of B is contained in

Bu — ————— (LikVuB, + ine iy X Vt,Ez), (33.56)

where 0B,/0z has been written as +¢kB,. Since E, vanishes on the
surface, V. E, is normal there and hence i; X V. .E, is tangential at
the boundary. Thus the second term in Eq. (33.56) does not contribute
to the normal component of B at the wall and so the boundary condition
that must be satisfied by B is

n By = (:tik)(n Vtr)B
.

=0  on the boundary. (33.57)
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33. WAVEGUIDES AND RESONANT CAVITIES

That is, dB,/0r must vanish on the walls of the waveguide. There are
two boundary value problems to be solved here. It is interesting that
the one for E, is of the Dirichlet type while that for B, has the
Neumann form. In principle the specification of the boundary con-
ditions is yet incomplete, for E;, might conceivably have a component
tangential to the wall. To see that this is not so, one looks at Eqs. (33.54)
for E,, and first notes that

vt,%% — LikVGE, (33.58)

is normal at the surface because E, vanishes over the surface. The other
term in the expression for E,; in terms of E, and B, in Eqgs. (33.54) does

not contribute to E,,, either because

n X (Vir X B)) = Vir(n * B)) —(n* Vir)By

. OB
= R
=0 on the boundary. (33.59)

Thus V., X B, is normal at the surface and it follows that E,, is also
normal there. The boundary conditions are therefore completely satisfied
when E, and 0B,/dn vanish at the surface.

Since the system is linear, one can pick either E, or B, to be identically
zero and find solutions of the remaining nontrivial boundary value
problem. The general problem is then solved by a superposition of
these two types of solution. The two different types usually have different
dispersions anyway and so it is better to solve them separately. The
solutions found when B, is set equal to zero are called TM modes since
the magnetic field is then purely transverse. The Dirichlet boundary
value problem,

2
(V%, 4 pe % — kZ) E, =0,
(33.60)
E,=0 on the boundary,

must be solved for the TM modes for a given geometry of the waveguide.
There will be solutions only for special values of (uew?/c?) — k2. These

eigenvalues depend on two numbers, since the boundary value problem
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is two-dimensional, and so the dispersion of the T'M modes is of the
form

pe— — k= ypg, (33.61)

where m and 7z are the serial numbers and y2, are the characteristic
values. The cutoff frequencies of these modes are given by

c
mn = —==Vmn - 33.62
w Ve y ( )

Once E, is determined as an eigenfunction corresponding to the eigen-
value y2,, , the transverse fields can be constructed from

1 oF
— v,
Eir 7 tr 52

k
- j: '12_ th‘Ez ’
1 w (33.63)
Bir = ;2— ipe - iy X Vi E,

mn

- iuecﬂkia X Eir .

On the other hand, when one takes E, to be zero the electric field
is purely transverse and the propagation is said to be in TE modes.
The Neumann boundary value problem,

2
(Vi + e % — #%) B, = 0,
(33.64)
B,
on

=0 on the boundary,

specifies the TE modes for a particular waveguide geometry. Again
there will be eigenvalues of the problem giving the dispersion for these
modes

2

pe = — k2= g2, (33.65)

c?
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When the eigenfunction solution for B, corresponding to the eigenvalue
Ymn 18 determined, the transverse fields can be found easily from

1 2B,
Btr = min Vtr o2
ik
= :t '12— vtl‘Bz s
Ynn
(33.66)
1 .w o,
Ei = min‘ (— 713 X VtrBz)

w

:q:cki;;thr-

This completes the formulation of the theory for propagation in a
waveguide of uniform cross section. It has been shown that there are
two types of solutions and the boundary value problems for determining
these TM and TE modes have been set up.

Modes in a Rectangular Guide

The rectangular guide is a mathematically convenient and practically
relevant special case of the waveguide with uniform cross section.
Suppose that the walls of the waveguide are conducting planes located
at x=0, x=a and at y =0, y =056 as shown in Fig. 33.5

X

FIG. 33.5. The rectangular waveguide.
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X. WAVES AND METALLIC BOUNDARY CONDITIONS

The TM modes are determined by the Dirichlet problem

(e +aa—y22+7’2)E’:0’

(33.67)
E, =0 on the boundary.

This boundary value problem is easily solved by the method of separation
of variables. One first separates the x- and y-dependence in the differen-
tial equation by assuming a solution of the form

E(x, t) = X(x) Y(y) exie-iot, (33.68)
The equation becomes

Y d2X &Y | oo
X gt XY =0,

oy (33.69)
i - 2
¥ v T 0.

Since X”/X is a function of x alone and Y"/Y is a function of y alone,
each must equal a constant if the sum of them is constant. Thus X"/X
is some number, say —a?, and the solution must be

X(x) = A sin ax. (33.70)
N
Since E, must vanish at x = 0, the cosine solution of the differential
equation has been discarded at this point. Furthermore E, must also
vanish at x = a so

ca = mm; m=1273,.. (33.71)

With « thus established, the differential equation for ¥ and its solution
are determined to be

Y + (v — a®)Y = 0,
( ) (33.72)
Y(y) = A’ sin Vo2 — o y.

The solution that vanishes at y = 0 has been selected here. It must
also vanish at y = b so

VB — b =nm; n=1273,... (33.73)
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33. WAVEGUIDES AND RESONANT CAVITIES

This determines the eigenvalue y,,, as a function of the two integers
m and n. Thus the solution of the eigenvalue problem, with the product
of constants A A’ replaced by a single constant E, , is

E, = E,sinmm —sin n-n-% etika—int
a

(33.74)

Von = (ﬁbﬂ—)z -+ ( ”ZT )2; mn=123,...

Here m and 7 range independently over the positive integers, zero not
permitted, and each pair specifies a possible TM mode in the waveguide.

The transverse components of the fields in the TM modes of the
rectangular guide are

tk OE,
o= ;fn_n ox
th mm x . Yo
= iT—EOCOSm‘ﬂ—Smnw—gil 2wt
Ymn @ a b
% ‘ o
Ey == :l: _lz_ ’%ﬂ' Eo sin mm %c Cos n‘n'% eilkZ—zwt, (33‘75)

w

B, = :F}LEEEy,
w

B, = :[:;LE;EEQE.

The TE modes in the rectangular guide are found by setting E,
equal to zero and solving the eigenvalue problem

(aa; +—aay27+”2)Bz:0’

(33.76)

0B,
pa 0 on the boundary.

This problem is also easily solved by assuming a solution of the form

Bu(x, t) = X(x) Y(y) extke—iot, (33.77)
so that the differential equation becomes
XII YII 2 -
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X. WAVES AND METALLIC BOUNDARY CONDITIONS
Now X"/X must be a constant, say —a?, and the solution of the equation
X' +2X =0 (33.79)

has to be taken to be
X(x) = A cos a x, (33.80)

since the boundary conditions require 0B,/dx to vanish when x is zero.
To obtain ¢B,/0x to vanish dat x = a as well, one must have

wa = mm;  m=012,... (33.81)

There is one qualitative difference between TM and TE modes: The
integers specifying the number of half wavelengths of the radiation in
the guide in the X- and Y-directions may be zero in the latter case.
The m = 0 possibility leads, in Eq. (33.80), to a constant for X(x) and
is acceptable for the Neumann boundary conditions. The same develop-
ment applies to Y(y) and so the eigenvalue problem is solved by

X . .
B, = B, cos mn— cos n? efika—ivt
a b

(33.82)

2

Y2, = (-n;—)z + ( ”ZT ) ; mn=0,12...

However one must reconsider whether both 7 and 7 being zero at
the same time is an acceptable solution because this leads to y = 0.
In the general development the equations were divided by y,,, in several
places, so the solution will not necessarily apply. One must reconsider
the problem almost from the beginning with (new?/c?) — k2 = 0. The
derivation will not be given here, but the result is that there is no
solution with (uew?/c?) — k2 = 0 in a waveguide problem if the cross
section of the guide is simply connected. If the guide is not simply
connected (for example, a coaxial cable is not), then there is a TEM
mode. For this mode, both the electric and magnetic fields are transverse,
and the TEM mode has no cutoff. It is the only propagating mode at
low frequency in such a guide. Indeed a guide which is not simply
connected can be thought of as possessing a return path for waves at
zero frequency, that is, direct current.

In the rectangular guide the possible modes are TE,,, TE,,, TE,,, ,
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33. WAVEGUIDES AND RESONANT CAVITIES

and TM,,, , where m and 7 range over the positive integers. The
dispersion rule is

2
oY %
I“"ecg = Ymn

mar \2 nm\2

=) + 7).
When a is greater than b, the lowest cutoff frequency is in the TE,,
mode with y = =/a. Since the TE;, mode enters into a subsequent

discussion of the lowest resonance of a rectangular cavity, explicit
formulas for the fields in this mode will be given. For this mode one has

T pes R (33.83)
and the fields are, from Eqs. (33.82) and (33.66),
B, = Bycos m x e¥ika—iwt
a

tka . x .
Bw = ¥ "7—7"‘ BO sin ; eizkz—mt’

B, =0,
E,— +—B (33.84
x T (,'k v * )
w
E,= T =B,
iwa

x ,

— 1 thkz—iwt

= By sin 7 — eFtka—int,
me a

The Rectangular Resonant Cavity with Only TE,, above Cutoff

At sufficiently low frequency only the TE,, mode propagates in the
rectangular waveguide. Consider this case so there will be only one mode
to keep in mind. One can consider walling up the waveguide with
conducting planes at 2 = 0 and 2 = d to make a resonant cavity as
shown in Fig. 33.6. In this situation, the traveling wave solutions with
z-dependence e**? can be combined so as to make B, and E, vanish
at the ends of the cavity. This satisfies all necessary boundary conditions

561



X. WAVES AND METALLIC BOUNDARY CONDITIONS

FIG. 33.6. The rectangular resonant cavity.

since E, is zero in the TE;; mode of the rectangular guide. In fact
the difference of the two oppositely propagating solutions divided by
12 is the required form and the nonvanishing fields are

x
B, = B, cos m —sin kz e~%?,
a

B, = — % Bysin 7 g cos kz et (33.85)

. wa . .
E, = i — Bysin 7 — sin kz e,
e a

To allow B, and E,, to vanish at 2 = 0 and ¥ = d, one must have
Rd=mp;  p=1,23.. (33.86)

The case p = O gives the trivial solution with all fields vanishing
everywhere. For p = 1 in Eq. (33.86), one has 2 = =/d and the vibration
can occur only at the special frequency given by

2 w? w2

— e — — ——
2 M dz’

cm 1 1
“’_7[6\/72’+F'

(33.87)
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33. WAVEGUIDES AND RESONANT CAVITIES

This is the lowest resonance of the rectangular cavity. The nonzero
fields in this case are

X . 5
B, = B, cos 7 = sin 7 — et
a d

_ .2 in R —iwt
B, = 7 B,sin 7 S cosm e, (33.88)

" . wa N S
E, = i— Bjsin 7 —sin 7 5 e~%t,
k4 a d

This is just a special case; there are many resonant modes for various
values of m, n, and p.

The losses that occur in the walls of the cavity may be discussed in
terms of the quality factor Q which is defined by

energy stored )
energy lost per cycle

Q:zw(

energy stored

o (average power loss)' (33.89)
The energy referred to here is the free energy of the fields in the cavity,
and w, 1s the natural frequency of the system. We will consider the
typical case in which the losses in a cycle are small compared to the
stored energy and in which Q has a numerical value which is independent
of the amplitude of the vibration. The Q of the resonant cavity will be
calculated for the lowest resonant frequency as an example but first
there are some general remarks to be made: Let U be the energy present
in the field. Since there are losses, this decreases slowly and must be a
function of time U(#). There is a range of frequencies around w,
introduced into the system by the losses. Since the quality factor is
given in terms of U(¢) and the power loss, which is just —dU(2)/dt,
one has

U
Q = @ (_ dU) ’
dt
au _ w
I U, (33.90)
o
U= Uge @
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X. WAVES AND METALLIC BOUNDARY CONDITIONS

Thus Q/w, is the time constant for the excitation in the cavity. The fields
inside do not have a pure sinusoidal time-dependence because of the
exponential damping. Any one of the fields at a point inside the cavity
has a time-dependence something like

0, t <0,
E(t) = _ (33.91)
Epe 22 cos g, t >0

in the situation where the mode is excited in the cavity at £ = 0 and
then allowed to decay freely. One can make a Fourier analysis of this
field to see the range of frequencies which are present in it (this calcula-
tion was done in solving Problem 5, Section 31); the result is shown in
Fig. 33.7. The full width at half-maximum in the square of the amplitude
of the Fourier transform is dw = wy/Q.

One needs to make use of the explicit fields of a particular mode to
calculate the quality factor. For the standing TE,, mode with fields
given by Eqgs. (33.88), the stored energy in the cavity is

U:%f®d3x[eE-E*+%B-B*]

=i [ [ () Bysintn Xeintn 2+ L Bl costn ¥ sint o2
4 % B2 (—3)2 sin? 7 2 cos? 7 3]
= M%Bgabd [e ( :‘; )2 -+ % -+ % (3)2]
— B 1+ ), (33.92)

The spatial integrals are easily performed. For example, the average
value of sin? 7x/a is 1 and the range of its integration is from 0 to a
so this factor contributes 3a. The resonant frequency, where this
calculation applies, satisfies (aw/cm)? = (1 + a?/d®)/ue. To obtain the
average power loss, one supposes that the metal has permeability u, and
applies Eq. (33.26)

AP _ ped
da ~ 16n

H, - HY, (33.93)
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£ tw?

|
Wo

w

FIG. 33.7. Amplitude of the Fourier transform of an exponentially damped sinusoidal wave.

where 8, the skin depth in the metal, is ¢/v/2mowgu, . The amounts

absorbed by opposite faces in the cavity are equal so

wod
P= ;‘ngzfdaB" -B*

S R IR AR EAER

¥=0

+2f a0y ["az1B.e] |,

IR Sk

= ;LG:ZE la (6 + g) (Z‘r)z +d{b+5)] B (33.94)

Thus the quality factor Q = w,U/P is

2
Q= 3("73733@ (1 + %) ,302:5;3 . g)(g)i T

i@ (1+_Z';)

= — . (33.95)
“e B alb+5)E) +alp+3)
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for this particular mode of the rectangular cavity. There is a conventional
way of writing the quality factor for a cavity. Since the area of the walls
is A = 2(ab + bd -+ ad) and the volume is V = abd, if one defines a
dimensionless function of 4, b, and d by

(ab + bd + ad)

¢—(1+2 : (33.96)
g e
then the O of the cavity becomes
0— 45 C. (33.97)

This is appropriate because G specifies the dependence of Q on the
shape of the cavity. Otherwise the quality factor depends on the ratio
of permeabilities u/u, and on V/AS, which is essentially the ratio of
the volume in which the field energy is conserved to that in which
power is lost to joule heating. The shape factor G is quoted in handbooks
for various practical geometries.

PROBLEM

1. (a) Find the general solution for E, in the case of TM waves
propagating in a guide constructed with walls which are good
conductors when the cross section is a quadrant of a circle of radius a.
Take € = 1 and p = 1 inside the guide.

(b) Calculate the lowest frequency that can be propagated in a
TM mode in this guide when the radius of the quadrant is 5 cm.

566



